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Avoiding Stick-Slip Through PD Control

Pierre E. Dupont

Abstract—This note addresses the question of how to achieve steady
motion at very low velocities using proportional-derivative (PD) control.
Most prior work in control has used friction models which depend only
on the current value of velocity. This type of analysis indicates that
- stick-slip can be avoided only through velocity feedback. The tribology
literature, however, indicates that friction also depends on the history of
motion. By including this dependence, a second regime of stable motion is
revealed which is associated with position feedback gains above a critical
value. Two experimentally-based dynamic friction models are compared
using a linearized stability analysis. In accord with experiment, as state
variable friction model exhibits asymptotically- stable motion for any
system stiffness (position feedback gain) exceeding a critical value. This
property is not exhibited by a time-lag friction model.

. INTRODUCTION

The effect of friction on machine performance has been demon-
strated by a number of researchers [1], [3], [7], [15]. Its effect is
most noticeable at very low velocities. At these speeds, motion tends
to be intermittent. Commonly referred to as stick-slip, intermittent
motion can lead to overshoot and large-amplitude position or force
limit cycling.

There are several control approaches which have proven effective
in ameliorating the effects of friction at low velocities. These are high-
gain proportional-derivative (PD) control [1], model-based feedback
or feedforward compensation [1], [31, [4], and impulsive control [16].
High-gain PD control is among the oldest techniques. It has been
experimentally observed for many years that sufficiently stiff and/or
damped systems do not exhibit stick-slip [10]. A complete analytical
explanation of these observations has been lacking in the controls
community, however, due to the tendency to employ friction models
which depend only on the current value of velocity.

The existence of history-dependent friction behavior has been
known to the tribology community for 50 years [13], and the
missing analytical explanation has been known to the rock mechanics
community for a decade [11]. Ongoing experimental work by the
author [8], as well as related work within the tribology [9] and
geophysics [6] communities, has shown that the friction transient
effects which underpin the analytical result for rocks are also present
in lubricated engineering materials. The purpose of this paper is to
cast this stability result in the framework of machine control and to
compare two experimentally-based dynamic friction models.

A. Problem Definition: Steady Sliding

Typically, machines which exhibit stick-slip possess a minimum
stable velocity below which the stick-slip occurs. To design a PD
controller for low-velocity motion, there are two possible approaches.
In the first approach, one can ask what gains make the stick-slip limit
cycle unstable so that the system will converge asymptotically to
steady sliding. In the second approach, one can look for gains which
provide a reasonably-sized domain of attraction so that the equilib-
rium point of steady sliding remains attractive and asymptotically
stable under expected perturbations. The answers to these questions
depend critically on the friction model.
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Fig. 1. Friction force versus velocity: (a) kinetic/static model; (b) typical
curve for hard materials separated by liquid lubricants.

The first approach is more difficult because it requires knowledge
of friction behavior during sticking. The second approach is the one
taken in this paper. It is a useful case to study because, through
a linearized analysis, it can provide practical lower bounds on the
PD gains necessary for stability. Only constant-velocity trajectories
will be considered explicitly here. This analysis can be extended
to more general nonsticking trajectories by selecting set points with
intersecting domains of attraction.

In the next section, friction modeling is discussed. The state
variable and time delay friction models, which include history de-
pendence, are introduced. In Section III, a simple system model is
presented along with a stability analysis for each friction model. Their
stability criteria are compared with those obtained using a friction
model which depends only on current velocity. Section IV discusses
the implications of this analysis for the control of steady, low-velocity
motion.

II. FRICTION MODELING

The characteristic friction-velocity curve for hard materials sepa-
rated by liquid lubricants is contrasted with the static-kinetic model
in Fig. 1. For liquid lubricants, this curve, with a rescaling of the
x-axis, is usually referred to as the Stribeck curve. The accepted
reasoning for its shape is as follows. At very low velocities, the liquid
is squeezed from between the bodies and the shearing of solid-to-solid
contacts plays a dominant role. At slightly higher velocities, pockets
of lubricant under high pressure bear part of the load. At sufficiently
high speeds, a fluid film separates the solids and bears the entire
load. The friction curve is positively sloped in this regime. It is the
negative slope of region A in Fig. 1(b) which promotes instability.

Mathematical models of the friction-velocity curve of Fig. 1(b)
often represent the transition from static to kinetic fraction by a
term exponential in velocity [1], [4]. A general model of this form
including Coulomb and viscous friction is

FV) = [eo +ea|V] + cae™ VIV 5o (v) (1)

with constants cg,---,ca > 0.
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It is important to note that friction-velocity curves represent the
behavior of steady sliding. Sampson er al. where among the first
to note the multivalued behavior of friction [13]. Friction is not
determined by current velocity alone; it also depends on the history
of motion. This functional relationship for the friction, f, can be
expressed as

f@) = FIV(r), on(7)],

in which V' denotes velocity and ¢, denotes normal stress.

In a control context, Dahl [5] and Walrath [15] developed history-
dependent models for the friction and stiffness in ball bearings
oscillating about zero velocity. Their steady-state friction-velocity
curves, however, were flat. They observed a constant Coulomb
friction level dependent only on the sign of velocity. Their models’
transient response resulted only from velocity reversals. This behavior
is typical of gimbals used in pointed and tracking applications.
In most machines, bearing friction is negligible and other sources,
such as transmission elements, dominate. In these cases, it has been
demonstrated that steady-state friction is similar to Fig. 1(b) [1], [4].
Thus, the Dahl model does not appear to be appropriate for general
applications.

—co L TLE ©(2)

A. State Variable Model

Independent of the tribology community, researchers in earthquake
prediction suggested that earthquakes are stick-slip events due to the
relative motion of the earth’s crustal plates. As a result, Ruina and
others have worked on the experimental and theoretical development
of constitutive friction relations [11], [12]. These relations are referred
to as state variable friction models. Recently, the experimental
behavior upon which these models are based has been observed for
engineering materials such as teflon on steel [6] and by the author
for lubricated steel on steel [8].

A simple model of this type for velocity, V > 0, and constant
normal stress is [12]

f(t) = fo+ Aln(V(t)/Vo) + 6(t) 3)
i) = =) + Bin (v ) @

in which @ is the scalar state variable and L is the characteristic
length controlling the evolution of §. The pair (Vo, fo) corresponds
to any convenient point on the steady-state friction-velocity curve. In
this case, the steady-state curve is given by

fos(V) = fo + (A= B)In(V/Vp). (5)

The functional form of this and other state variable models was
deduced experimentally. In these experiments, the response of the
friction force to small changes in steady velocity was measured.
Velocity was precisely controlled by a closed-loop system having
a very fast dynamic response, faster than that of the friction transient
response [6], [8], [12]. Ruina’s data, spanning several orders of
magnitude of velocity, were more accurately represented by adding
a second state variable to the model above {12].

B. Time-Delay Model

Additional evidence of the history-dependence of friction is pro-
vided by the experiments of Hess and Soom [9]. They measured
friction-force response to an oscillating velocity of constant sign in
a lubricated line contact under closed-loop control. The amplitude of
the velocity oscillation was large enough to overlap most of region
A and part of B in Fig. 1(b). They found that as the frequency of
oscillation increases, the friction-velocity curve became a closed loop
centered about the steady-state friction curve.
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Fig. 2. Sliding system model. The input is motor velocity, &, = Vj, and
the output is block velocity, z;.

Hess and Soom modeled this behavior by introducing a simple
time delay in their steady-state equation

C1

f(t) = coV(t~a)+ TTavei—a)

V>0 ©)
where V is velocity, « is the time delay and co, c1, co are positive
constants. Recently, a time-delay model has been used to study the
stability of stick-slip limit cycles [2]. Note that the state variable
models were specifically developed to model low velocity effects
while steady-state models are formulated to fit the entire velocity
operating range.

III. LINEARIZED FRICTION ANALYSIS

Consider the class of friction models which depend on the velocity
history, assuming constant normal stress

ft)=FV(7),

Assume that f can be separated into an instantaneous rate-dependent
component and an evolutionary component. The latter tends toward a
steady-state value for sufficient displacement at a particular velocity.
A friction law of this type, linearized about velocity V5, can be written

—co< T <UL D

fm=ﬂmm+nW@—[awwwva ®)

in which f, and g(t) are dependent on V;. From this equation, the
instantaneous rate of change of friction with velocity is given by

9f(y)
=f >0 9
EYa fo 2 &)
and the steady-state change of friction with velocity is
dfosV) _

v = t)dt <0 10
7 f /0 g(t) (10)
where the signs of these terms correspond to those observed experi-

mentally in the unstable low-velocity regime.

A. Machine Modeling

Consider the system in Fig. 2. It is assumed that a high-gain,
servo-controlled motor capable of velocity control is used to produce
displacement, x,,. This implies that motor friction is small compared
to the rest of the system and that servo feedback is sufficient to
produce any desired displacement. The motor is coupled to a mass,
m, sliding with displacement z; on a frictional surface. The coupling
is modeled as a spring and dashpot in parallel. The spring represents
the stiffness of the transmission while the dashpot models damping
in the same. These elements can also be interpreted as PD feedback.
This is the simplest machine model incorporating both friction and
flexibility. The only nonlinear component of the system in Fig. 2 is
friction which we assume can be linearized as discussed above.

Given the input, £, = Vj, the response of the system can be
linearized about #; = Vj. The linearized system can be represented
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Fig. 3. Block diagram of sliding system model.

by the block diagram of Fig. 3 where V (s) is the Laplace transform
of the block’s velocity perturbation about V5, and

s
P& = o hs v Ry b
F(s)=fo— /Ooog(t)e_mt dt = f, — G(s). (12)

Assume first that there is no frictional memory and f = f(V(¢)).
In this case,

af dfee(V) _
vV dv

Examination of the characteristic equation of this linearized system
shows that for asymptotic stability, (fo + k) > 0 and &, > 0.
Example: Consider the friction model

(Vo) = fo= 0 (13)

F(V)=co+c1V + cae™V/)°, (14) .
In this case,
a 202V _(v/en)?
fUZ%IQ—%e (V/S)‘ (15)
3

If f, < 0, a positive k. is needed to stabilize the system. The hardest
velocity to stabilize (requiring the maximum k) is found to be

(&3

Ver = —. 16
7 (16)
For asymptotic stability, k, > —f,(Ver) and k, > 0 where
2¢y
fv(vcr) =C1 — ‘—\/6—026 1/2. (17)
3

To evaluate the stability of the system with a dynamic friction
model, we introduce a theorem due to Rice and Ruina [11].

Theorem: Given the system for Fig. 3 described by (11) and (12)
for which the function g(¢) is piecewise continuous for ¢ € (0, co)
and total damping is insufficient to stabilize the system, i.e.,

fot+ks < / g(t) dt (18)
0
then:
* The implicit equation
ko + fo = / g(t) cos (wnt) dt 19)
0 .

has a nonzero, finite number of solutions, w,, with associated
stiffnesses defined by
E(wn) = mw? + wn/ g(t) sin (wnt) dt. (20)
0
e For kp, > ko = max, {k{(ws)}, the system is asymptotically

stable where k., is the critical value of stiffness associated with
undamped oscillations of frequency, wer = {wn|k(wn) = ker}.
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Proof: See [11]. The theorem can be derived from the charac-
teristic equation or from Nyquist criteria. Equations (19) and (20) can
be obtained from the real and imaginary parts of the characteristic
equation evaluated on the imaginary axis. The proof requires that
G(s) = [;° g(t)e™°" dt meet the following conditions:

e For Re(s) > 0, G(s) is bounded and lim,—,.G(s) = 0.
* The zeros of the characteristic equation 1 + P(s)F(s) depend
continuously on the stiffness parameter %,.

The first set of conditions on G(s) follows from (10) which indi-
cates that the integral exists and converges uniformly. The condition
that g(t) be piecewise continuous is a sufficient, but not necessary,
condition to guarantee the existence of a solution to (19) and thus to
(20). The additional, optional constraint that g(¢) > 0 can be added
to ensure the uniqueness of w, in (19).

Example 1: For the state variable friction law of (3) and (4),

fo=A/V,. 21)
B —Vot/L
9(t) = =5— 22)
B

Since g(¢) >0 and continuous, for a fixed velocity gain of k,, the
theorem gives the unique critical frequency and stiffness to be [11]

_Y B
o= TV AT oo
B — (A+k, V) mVy
cr = 1].
K . hA+m%w+ 25)

Since it was assumed that velocity feedback was insufficient to
stabilize the system, w.,, will be positive and real.
Example 2: For the time delay friction law of (6), define k; > 0 as

dfss(%) _ 20102%

v T Ot a2

assuming the steady state friction-velocity curve is negatively sloped
at V5. The linearized friction law is described by

=—k;<0 (26)

fo=0 27
9(t) = kpb(t — ). (28)
G(s) = kye™™". (29)

In this case, g(¢) is an impulse delayed by time « where §(-) is the
unit impulse function. The conditions of the proof are not satisfied
since, for Re(s) > 0, G(s) is not bounded and lim, ... G(s) # 0.
In addition, while g(¢) > 0, it is not piecewise continuous. The
solutions of (19) and (20) are given by

Licos™ (ko k) + 207,

== n=1,23-
o4

(30)

Wn

E(wn) = mw2 4 kfw, sin (awy).

€1y

Clearly there are an infinite number of w, and k(wr ) which increase
without bound for increasing n. Thus, while intervals of &, yielding
local stability may exist, there is no critical stiffness for the time-
delay model. A complete stability analysis of the system is beyond
the scope of this note. The interested reader is referred to [14] from
which it is easy to show that, for certain choices of model parameters,
the system alternates between exponential asymptotic stability and
instability for large, increasing values of stiffness, kp.
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IV. CONCLUSIONS

The ability to achieve steady, low velocity motion can be important
for machines with tasks involving fine positioning or force control.
In practice, however, the highly nonlinear behavior of friction near
zero velocity imposes a minimum stable velocity below which stick-
slip occurs. This places a limit on position and force resolution. In
addition, the overshoot associated with limit cycling can lead to task
failure. l

In this paper, the ramifications of history-dependent friction in the
PD control of steady, low-velocity motion have been explored. While
models which neglect frictional memory predict stable sliding only
through the addition of sufficient damping, experiment and analysis
indicate that steady motion can also be obtained by stiffening a
system. Rice and Ruina’s stability theorem describes an entire class
of friction models which exhibit a critical value of system stiffness
above which constant-velocity motion is asymptotically stable.

The state variable friction model of Ruina falls within the class
of models exhibiting a critical stiffness. The model has recently been
validated for several engineering materials and lubricants [6, 8]. Time-
delay models, such as the one proposed by Hess and Soom [9], can
predict intervals of stiffness which are stabilizing, but do not predict a
critical stiffness. This suggests that their applicability may be limited
to restricted regions of a system’s parameter. space.

In deriving our system model, k., and k, were interpreted as the
inherent damping and stiffness of the system. Of course, they can
also be interpreted as the feedback gains of the controller. In this
light, the preceding analysis provides lower bounds on PD controller
gains for stabilizing a system operating within the negatively-sloped
region of the steady-state friction-velocity curve. k
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New Sufficient Conditions for Linear Feedback
Closed-Loop Stackelberg Strategy of Descriptor Systems

Hua Xu and Koichi Mizukami

Abstract—This paper is concerned with the derivation of linear feed-
back closed-loop Stackelberg (LFCLS) strategies for a class of continuous-
time two-person nonzero-sum differential games characterized by linear
descriptor systems and the quadratic cost functionals. Compared with
existing resuits, new sufficient conditions for the existence of a LFCLS
strategy are obtained under less restrictive conditions. Furthermore, from
the results of this paper, we also arrive at some conclusions about the
linear-quadratic closed-loop Nash game for continuous-time descriptor
systems. These conclusions are distinguished from those of the linear-
quadratic closed-loop Nash game for state-space systems.

I. INTRODUCTION

The Stackelberg game problem for state-space systems is by now
fairly completely worked out. Several papers exist which deal with
the derivation of various closed-loop Stackelberg solutions of the
continuous-time linear-quadratic game [2]-[6]. It is generally not
possible to find a linear feedback closed-loop Stackelberg (LFCLS)
strategy for such state-space systems.

In a recent paper [7], the linear-quadratic closed-loop Stackelberg
game for continuous-time descriptor systems was investigated, and
it was found that there exists an LFCLS strategy for the Stackelberg
game of the descriptor system. This feature makes the Stackelberg
game of the descriptor system different from the one of the state space
system. As a basic assumption, however, it was required in [7] that
the system be impulsively controllable with respect to the control of
the leader. In other words, there exists a descriptor variable feedback
control of the leader such that the closed-loop system has no dynamic
modes at infinity if the control of the follower is zero.

In this paper, we shall show that the assumption given in [7] is
conservative. We shall refine and improve the method developed in
[7]1. New siifficient conditions are obtained for the existence of a
LFCLS strategy, and the techniques used are inherently different
from those in [7]. The results obtained in this paper will extend
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